
ISRAEL JOURNAL OF MATHEMATICS, Vol. 70, No. 1, 1990 

AN EXAMPLE OF A NON-LERF GROUP 
WHICH IS A FREE PRODUCT 

OF LERF GROUPS WITH 
AN AMALGAMATED CYCLIC SUBGROUP 

BY 

E. RIPS 
Institute of Mathematics and Computer Sciences, 

The Hebrew University of Jerusalem, Givat Ram, Jerusalem 91904, Israel 

To My Mother 

ABSTRACT 
A group with the properties of  the title is constructed. 

For a group G and an element g E G we denote 

I ( G , g ) = { n ~ N  I 3 R  4 s G s . t . R  n ( g ) =  (g")}. 

For two groups A, B and elements a CA, b ~ B of the same order we introduce 

the notation 
(G, g) = (A, a) , (B ,  b) 

which means that G = A  • B and g = i ~ ( a ) = & ( b )  where iI:A~---~G, 
a ~ b  

i2 : B ~ G are the standard inclusions. If (Gi),es is a family of  groups and 
gi ~ G~ are elements of the same order for all i E S then 

(G, g) = * (G,, g,) 
i~S 

has a similar meaning. 

<sreads "subgroup of  finite index" and £1sreads "normal subgroup of finite 

index". 
A group G is called LERF (locally extended residually finite) if for any 
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elements r0, r l , . . . ,  rk~G such that roe  (rt . . . . .  rk) there is a subgroup of 
finite index in G containing r t , . . . ,  rk but not r0. 

We deduce the existence of a group with the properties described in the title 
from the following two propositions. 

PROPOSITION 1. Let ( Gi);~s be a family  o f  groups and let g; ~ G; be elements 
o f  an infinite order. For any subset T c_ S let 

(GT, g r )  = * (Gi, gi). 
i~T 

Suppose that the following conditions hold: 
(1) for every finite subset T cc_ S, the group GT is LERF; 

(2) for each n E N  there exists m E f ; ~ s l ( G ; ,  g;) such that n I m; 
(3) for each m ~ O;~s I (G ,  g;) there exists a family  o f  groups (N;);~s such 

that 
(i) N; <~: G, ; 
(ii) N; A (gi) = (gin); 

(iii) there are only finitely many isomorphism types o f  pairs ( G;/Ni, g;N/) 
as i runs over S. 

Then Gs is LERF.  

PROPOSITION 2. Let mo = 1 < m, < m2 < m 3  < • • • be a sequence o f  natu- 
ral numbers such that mi-  l I mJor  all i E N. Then there exists a family  o f  groups 
(G;);~N and elements g; E G; o f  infinite order with the following properties: 

(1) each G; is a finitely generated group with an abelian subgroup o f  finite 
index; 

(2) I(G;,g;) = ( m o =  1, mr, m2 . . . . .  mi_l, mi, 2mi, 3mi . . . .  }; 
(3) for k = O, 1, 2 . . . . .  i - 1, there is a unique normal subgroup N;k offinite 

index in G; such that 

N;~ A (g;) = (gm~); 

(4) for everyj >. i, Gi/N;k -~ Gj/Njk, and the isomorphism takes g;Nik to gjNjk. 

Given these two propositions, we proceed as follows. Choose two sequences 
(mi) and (ni) such that 

(1) m 0 = l < m ~ < m 2 < . . . , n 0  = l < n l < n 2 < . . . ;  
(2) for all i ~ N ,  m;_, I m /and  n/-i  In/; 
(3) for all n E N  there is i ~ N  such that n I m~ and n I n;; 
(4)  m i ~ nj whenever i > 0 o r j  > 0. 
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Let (Gi, gi)i~N and (Hi, hi)iEN be families satisfying conditions (1), (2), (3), (4) 
of Proposition 2 for (mi) and (ni) respectively. 

Every finitely generated group with an abelian normal subgroup of finite 
index is LERF, so by (1) each Gi and Hi is LERF. If there is some finite set 
T __. N such that Gr is not LERF, then taking a minimal such T and consider- 
ing a partition T = T' U T", with T' and T" non-empty we obtain 

(Gr, gr) ~ (Gr,, gr') * (Gr.,  gr.) 

where Gr. and Gr. are LERF, which yields the desired example. 
So let us assume that for any finite subset T C N, Gr and Hr  are LERF. In 

view of condition (2), 

0 I(Gi,  gi) -~ (mo, ml . . . . .  m k  . . . .  }, O I ( n i ,  hi) -- {no, n l  . . . . .  nk . . . .  }. 
iEN iEN 

Then by (3), condition (2) of Proposition 1 holds both for (mi) and (ni). It is 
also clear that conditions (3) and (4) of Proposition 2 imply condition (3) of 
Proposition 1. Then, by Proposition I, GN and HN are LERF. But for 

(A, a) = (GN, gN) * (HN, hN) 

we have by (4) 

I (A,  a) c_ I(GN, gN) N I(HN, hN) 

c_ [") I(Gi, g i ) f )  0 I(Hi,  h i ) =  {1}, 
i~N i~N 

which means that A is not residually finite, hence not LERF. 

PROOF OF PROPOSITION 1. Whenever convenient, for T~ C T2 we identify 

Gr, with a subgroup of Gr2. 
Let ro, r~ . . . . .  rk E Gs, ro ~ (rt, . . . , rk ). Then for some finite subset T ___ S, 

we have ro, r~ . . . . .  r k ~ G r .  By condition (1), Gr is LERF, so there exists 

R < : G r  such that r o a R  D_ ( r ~ , . . . ,  rk). Let 

C = ("1 x - I R x .  
x E G  T 

Then C -_</Grand for some n, C A (gr) = (g~"). By condition (2), one can find 
m ~ fqies I(Gi, gi) such that n ] m.  According to condition (3), there is a family 
(Ni)ies satisfying (i), (ii), (iii). Without loss of  generality we can assume that 

(iv) Ni c_ C for each i E T. 
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For any subset L c_C_ S, let NL denote the normal subgroup of GL generated by all 
N i, j ~ L .  Then, obviously, 

(5) (Gs/Ns,  gsNs)  -~ (Gr/Nr ,  grNr)  * (Gs \ r /Ns \ r ,  gs \rNs\r) .  

By (iv), Nr  C__ C C_ R and therefore in Gr/Nr  

(6) roNrq! (r~Nr . . . .  , rkNr).  

According to (iii), there are finitely many pairs 

(At, a0, (As, as) . . . .  , (At, at) 

such that each (GtNg, gtNt) is isomorphic to one of them. Let 

l 

(A, a) = * (At, ai). 
h ~ t  

We have then a homomorphism 

(7) 2 : Gs\7-/Ns\r ~ A  

such that 2(gs \ rNs \ r )  = a. Omitting, if necessary, some factors At, we can 
assume that 2 is onto. Let 

(B, b) = ( Gr/NT, grNr)  * (A, a ). 

By (5) and (7), we have an epimorphism 

p : Gs/Ns ---, B 

such that U(gsNs)  = b, U I c~/uT = Id,/t  [A = 2. 
The group B is an amalgamated free product of  finitely many finite groups, 

hence it is LERF (see [AG], Lemma 3). In view of(6), there exists Q _-<fB such 
that 

roNr q! Q >-_ ( r, Nr  . . . . .  rk N r  ). 

Let q~ : Gs ~ B be the composition of the natural homomorphism Gs --" Gs/Ns 

and # : Gs/Ns ~ B. Then ~0-t(Q) <iGs ,  roq~ Q 3_ (rt, . . . , rk). Therefore Gs is 
LERF. The proposition is proved. 

PROOF OF PROPOSITION 2. For i E N, let At be a finite simple group with 
some fixed element ai EAt  of order mi/mi-1 .  We define inductively 

(8) B0={ l} ,  Bt=A~wrBi_t  (i>=l).  
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In the wreath product A wr B the copy of the copy A that corresponds to an 
element b CB will be denoted A(b) and its elements will be denoted by a(b), 
a CA. In this notation, for any a CA,  bl, b2CB we have bz~a(bl)b2 = a(blb2). 
For more information on wreath products see, for example, [Ne], Ch.2. 

We define elements bi CB, as follows: 

(9) b0 = 1, b~ = ai(l)b~_l (i > 1). 

Let C = (c) be an infinite cyclic group. We take 

Ci = CwrBi  (i >-_ 1). 

Then C, = C B, :~ Bi. It is well known that there is an isomorphism of B;- 
modules 

(10) # :  C B, ---- Z[B;] 

where B~ acts on C B, by conjugation and on the additive group of the integral 

group ring Z[B~] by multiplication on the right. We have homomorphism 
2 : Bi ~ B~_ t with Ker 2 = Aft,-,. It induces a homomorphism of  group rings 

: Z[Bi] - '-" Z [ B  i _ 1]. 

It is well known that KerJ. =A(Ker2)Z[B~]=A(Af,-,)Z[Bi], where A(G) 
denotes the augmentation ideal of  the group ring Z[G]. 

We take 

(11) D / =  #- l (Ker  2), Gi=Di:~BiC_CwrBi  (i >_- 1). 

Let d CA3,-,, d ~ 1. Then, clearly, c(d)c(1)-lCD, and we define 

(12) g~ = c(d)c(1)-~b~CG~ (i > 1). 

We have to show that (G~, g~)i~N satisfy all the conditions of Proposition 2. 

By the construction, each Gi is a finitely generated group with an abelian 

subgroup of finite index, so condition (1) is satisfied. 

For the rest, we need a few lemmas. 

LEMMA 1. [D, Af'-'] = D J o r a l l i  > 1. 

PROOF. It is well-known (see, for example, [Gr], §2.4) that for any group G 

A(G)/A(G) 2 ~-- G/G' = Gab. 

Since Ai is simple, we have (A3,-,) ab = { 1 }, hence 
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A(AS,-,)2 = A(AS,-, ). 

For any x ~ D ~ ,  yEAS, - ,  

~ ( [ x ,  y ] )  = ~ ( x - l y - l x y  ) = _ ~ ( x )  + u ( x ) y  = u ( x ) (  - 1 + y) .  

We have 

(A(Af,-,)Z[B,I)A(AS,-,)) = (Z[B,]A(AS,-,))A(AS,-,) 

= Z[Bi ]A(AS,- , )2 = Z[B, IA(AS,-, ) = A(AS,±-1,)Z[8,I, 

hence the elements p(x)( - 1 + y) generate additively the ideal A(AS,-,)Z[Bi] = 
K e r 2  and therefore the commutators  [x, y] with x GD~, Y ~ A S , - , ,  generate 
Di = / t  -J(Ker 2). [] 

For k = 0, 1 . . . . .  i consider the (obvious) homomorphisms  ~O~k" B~ ~ Bk and 

~'ak : G~ ~ Bk and let M~k = Ker ~O~k, N~k = Ker ~'~k. 

LEMMA 2. Every normal subgroup o f  B~ is o f  the form M~k, 0 <= k < i. 

PROOF. For i > 1 ,  B~=AS,-,:xlB~_1. Since A~ is simple every non- 
trivial normal  subgroup of  B~ contains AS,-,, and our  claim follows by 
induction on i. [] 

LEMMA 3. F o r a n y N ~ l  G~, e i therN  c_ D~ o r N  = N i k f o r s o m e k ,  0 < k < i. 

PROOF. In view of  Lemma 2, we have only to show that if  N ~ D ~  then 
Di _ N. So assume that N g D~. By Lemma 2, q/, (N) contains M,, _ 1 = AS,-,. By 
Lemma 1, [D~, AiS,-l] = D~. Since D~ is abelian and D~N ~_ AS'-,, we have 

[Di, N] = [Di, D i N  ] ~ [Di, A s,-, ] = Di,  

as required. 

LEMMA 4. 

[] 

Ntk N (gi) = (gmk), 0 _--< k _-< i. 

PROOF. First, let us show that the element b~ EB~ (see (9)) is o f  order  m~. 

Indeed, b0 = l and we may assume by induction that b~-i ~B~-I  is of  order  
m~_ 1. Then, by an easy calculation, 

bT,-, = (ai( l )bi-1)"'-' 

= a,(l)(b,_ ,a,(l )bTJt )(b/2-i a,( 1 )b;-21 ) . . .  ( b ~ , -  ~a~(l )b.~(~',-, - t ) )b~,  

= ai(l)ai(bi-ll )ai(bi-_2 ) . . .  ai(bi-_(,~,_ ,- 1)). 
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Each ai(b) is of  order mi/m~_~ and for any b', b"~B~_~ the elements a~(b'), 
a~ (b ") commute. Therefore bp,-, is of  order m i / m  i _ l and, consequently, b~ is of  
order mi. This completes the induction. 

Now consider the homomorphism ~/~k : G~ ~ Bk. We have Ker Vik = N~k and 

~ik(gi )  = bk. It follows that Nik A (g,) = (gp*). [] 

Now we can finish the proof of Proposition 2. In view of Lemmas 3 and 4, 

{m0 = 1, ml . . . . .  m~} _ I(Gi, gi) c_ {m0 -- 1, ml . . . . .  m~_~, mi, 2mi, 3mi . . . .  }. 

On the other hand, D k =<f Gg so that D~ t~ ( gi ) = ( gkm, ) whence condition (2). 

Condition (3) also follows from Lemmas 3 and 4. We have G~/N~k ~ Bk ~-- 

Gj/N~k for any j > i, so condition (4) holds. 
The proposition is proved. 

A subsequent publication is planned which will contain an example of a 

f ini tely  generated group with the properties of the title. 
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