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To My Mother

ABSTRACT
A group with the properties of the title is constructed.

For a group & and an element g € G we denote
I(G,g)={nEN|3IRGst. RN (g)=(g").

For two groups A4, B and elements a €4, b € B of the same order we introduce
the notation
(G,8)=(4,a) (B, D)

which means that G=A4 * B and g =i/(a)=iXb) where i,:4— G,

a=bh
I,: B = G are the standard inclusions. If (G;);es is a family of groups and
g: € G, are elements of the same order for all i €S then
(G,8)= * (G, 8)
i€S

has a similar meaning.

=,reads “subgroup of finite index” and <, reads “normal subgroup of finite
index”.

A group G is called LERF (locally extended residually finite) if for any
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elements 7y, ry, ..., r, €G such that ry&(r,...,r,) there is a subgroup of
finite index in G containing r,, . . ., r, but not r,.

We deduce the existence of a group with the properties described in the title
from the following two propositions.

ProOPOSITION 1. Let(G)),cs be a family of groups and let g; € G, be elements
of an infinite order. For any subset T C S let
(GT’ gT) = % (Gia gl)
ieT
Suppose that the following conditions hold:
(1) for every finite subset T C S, the group Gris LERF;
(2) for each n €N there exists m € ;s I(G;, g;) such that n | m;
(3) for each m €MNes I(G,, g;) there exists a family of groups (N,);es such
that
() N; <G
(1) N;N{g)=(&")
(iii) there are only finitely many isomorphism types of pairs (G;/N;, g;N;)
as i runs over S.
Then Ggis LERF.

PROPOSITION 2. Let my=1<m,<m,<m;<--- bea sequence of natu-
ral numbers such that m; _ | I m; for all i EN. Then there exists a family of groups
(G))ien and elements g; € G, of infinite order with the following properties:

(1) each G, is a finitely generated group with an abelian subgroup of finite

index;

Q2) (GLg)={my=1,m,my, ...,m_,,m;,2m;,3m,;,...};

(3) fork=0,1,2,...,i— 1, there is a unique normal subgroup N, of finite

index in G, such that

N N (&) =(&™);
(4) foreveryj > i, Gi/Ny = G;/Ny, and the isomorphism takes g;Ny to g;Ny.

Given these two propositions, we proceed as follows. Choose two sequences
(m;) and (n;) such that

D) my=1<m<m<---,my=l<n<n<-..

(2) forallieN, m;_, | m; and n, _, | n;;

(3) for all n €N there is i €N such that » l m; and n l n;;

(4) m; # n; whenever i >0 or j > 0.
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Let (G, g);exand (H;, h;);en be families satisfying conditions (1), (2), (3), (4)
of Proposition 2 for (m;) and (n;) respectively.

Every finitely generated group with an abelian normal subgroup of finite
index is LERF, so by (1) each G; and H, is LERF. If there is some finite set
T C N such that G is not LERF, then taking a minimal such 7 and consider-
ing a partition T=T" U T”, with 7’ and T” non-empty we obtain

(Gr, gr)=(Gr, gr) (G-, &17)

where G and G7- are LERF, which yields the desired example.
So let us assume that for any finite subset T C N, Gy and H, are LERF. In
view of condition (2),
N IGig)={mgmy,....,my, ...}, N I(H,h)={n,n,...,0,...}.

iEN iEN
Then by (3), condition (2) of Proposition 1 holds both for (m;) and (n;). It is

also clear that conditions (3) and (4) of Proposition 2 imply condition (3) of
Proposition 1. Then, by Proposition 1, Gy and Hy are LERF. But for

(4, a) = (G, gn) *(Hn, hy)
we have by (4)
I(4, a) C I(Gn, gx) N I(Hy, hy)
c N IG;,g)N ,El I(H;, h)={1)},

iEN
which means that A is not residually finite, hence not LERF.

PRrROOF OF PROPOSITION |. Whenever convenient, for T; C T, we identify
Gr, with a subgroup of Gy,

Let ro, ry, ..., 1 EGs, rg&{ry, ..., ). Then for some finite subset 7 C S,
we have ry, ry, ..., €EGr. By condition (1), G is LERF, so there exists
R =,Grsuch that ig&R 2 (ry,..., r;). Let

C= N x"'Rx.

XEGT

Then C =,Grand for some n, C N (gr) = (g7 ). By condition (2), one can find

m€EN;es I(G;, g) such thatn I m. According to condition (3), there is a family

(N);es satisfying (i), (ii), (iii). Without loss of generality we can assume that
(iv) N;C Cforeachi€E€T.
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For any subset L C S, let N; denote the normal subgroup of G, generated by all
N;,j€L. Then, obviously,

&) (Gs/Ns, gsNs)=(Gr/Nr, grN1) *(Gs\1/Ns\1, 8\ 7N\ 1)-
By (iv), Ny C C C R and therefore in G;/N7
(6) roNrE(r\Np, ..., nNr).
According to (iii), there are finitely many pairs
4,a), (4, a),...,(A4, a)

such that each (G, N,, g;N,) is isomorphic to one of them. Let

(Aa a) = ’lk (Ai’ ai)'
h=1

We have then a homomorphism
(7 4:Gs\r/Neyr— A

such that A(gs\rNs\7r) = a. Omitting, if necessary, some factors 4;, we can
assume that 4 is onto. Let

(B9 b) = (GT/NT’ gTNT) *(A, a)-
By (5) and (7), we have an epimorphism
u:Gy/Ng—B

such that u(geNg)=b, u IGT,N, =1Id, u |A =A.

The group B is an amalgamated free product of finitely many finite groups,
hence it is LERF (see [AG], Lemma 3). In view of (6), there exists Q =,B such
that

roNrEQ Z(r\Np, ..., rNy).

Let ¢ : G — B be the composition of the natural homomorphism G — G¢/Ng
and p: Gs/Nsg— B. Then ¢~ (Q) =,Gs, e Q 2 (r, ..., 1v). Therefore G is
LERF. The proposition is proved.

PROOF OF PROPOSITION 2. For i EN, let 4, be a finite simple group with
some fixed element g; € 4; of order m,/m;_,. We define inductively

(8) By= {1}, B;=A;wrB,_, @z .
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In the wreath product 4 wr B the copy of the copy 4 that corresponds to an
element b € B will be denoted 4(b) and its elements will be denoted by a(b),
a €A. In this notation, for any a €4, b,, b,€ B we have b; 'a(b,)b, = a(b,b,).
For more information on wreath products see, for example, [Ne], Ch.2.

We define elements b; € B; as follows:

(9) by=1, b, =a(1)b;_, @z
Let C = (¢) be an infinite cyclic group. We take
C,=CwrB, (iz=1l).

Then C, = C&X B;. It is well known that there is an isomorphism of B;-
modules

(10) u: CH—1Z{B}]

where B, acts on C? by conjugation and on the additive group of the integral
group ring Z[B;] by multiplication on the right. We have homomorphism
A: B;— B;_, with Ker A = A%-.. It induces a homomorphism of group rings

A:Z[B]—Z[B;_\].

It is well known that Ker A = A(Ker 1)Z[B;] = A(45-)Z[B;], where A(G)
denotes the augmentation ideal of the group ring Z[G].
We take

(1) D, =u"'(Kerl), G,=D;X{B;C CwrB; izl).
Let d€AP-1, d # 1. Then, clearly, ¢(d)c(1) '€ D, and we define
(12) g =cd)()"'b,eG; iz ).

We have to show that (G,, g;);en satisfy all the conditions of Proposition 2.

By the construction, each G, is a finitely generated group with an abelian
subgroup of finite index, so condition (1) is satisfied.

For the rest, we need a few lemmas.

LEMMA 1. [D,,A%-)=D,foralli = 1.
Proor. It is well-known (see, for example, [Gr], §2.4) that for any group G
AG)AG) =GIG' =G,

Since 4; is simple, we have (4/%-1)® = {1}, hence
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A(AP-1)? = A(AP).
For any x €D,, y E AP
u(lx, yD) = pu(x""y " 'xpy) = — u(x) + u(x)y = u(x)}(— 1 +y).
We have
(AAP-)Z[ B DAAS-)) = (Z[BJAMAP- )AAP-)
= ZIBJA(4P-)? = Z[B,]A(AP-) = A(4P+)Z[B)],

hence the elements u(x)( — 1 + y) generate additively the ideal A(4%-1)Z[B;] =
Ker 4 and therefore the commutators [x, y] with x ED;, y €421, generate
D; = u'(Ker 1). ]

Fork =0, 1,..., iconsider the (obvious) homomorphisms ¢, : B, — B, and
Vi : G;— B and let M, = Ker ¢, Ny = Ker .

LEMMA 2. Every normal subgroup of B; is of the form M, 0=k =<i.

Proor. For i>1, B,=A%- X B;_,. Since A; is simple every non-
trivial normal subgroup of B; contains A4%-1, and our claim follows by
induction on i. 0

LEMMA 3. Forany N< G,, either N C D;or N = N, for somek,0<k <i.

ProoF. In view of Lemma 2, we have only to show that if NZD; then
D; C N.Soassume that NZ D,. By Lemma 2, y,(N) contains M, _, = A%-:. By
Lemma 1, [D;, A%-1] = D;. Since D; is abelian and D;,N 2 A%-., we have

[D;, N1=[D;, D,N12[D;, A}-1=D;,
as required. 0
LEMMA 4. Ny N (g)=(gM), 0=k =i.

ProoF. First, let us show that the element b, € B, (see (9)) is of order m;,.
Indeed, b, =1 and we may assume by induction that b,_, €B;_, is of order
m;_;. Then, by an easy calculation,

blt-1 = (a(1)b;_ )™~
= a,(1)(b; - 1a ()b XbF - ai(1)b 7)) - - (b ta (1) - D)o
= a;,(Da;(b " )ai(b ) - -a(b 7Y,
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Each a;(b) 1s of order m;/m;_, and for any b’, b” € B, _, the elements a,;(b’),
a;(b”) commute. Therefore b%-: is of order m;/m; _, and, consequently, b, is of
order m;. This completes the induction.

Now consider the homomorphism y;, : G; — B,. We have Ker y,;, = Ny and
v (g;) = b,. It follows that Ny N (g} = {(g™). O

Now we can finish the proof of Proposition 2. In view of Lemmas 3 and 4,
{m0= 19 my..., mi} g I(Gi’gi) g {m0= 1, my...,m_,m, zmi, 3mia . }

On the other hand, Df =,G; so that D} N (g;) = (g*™) whence condition (2).
Condition (3) also follows from Lemmas 3 and 4. We have G;/N, =B, =
G;/Nj, for any j > i, so condition (4) holds.

The proposition is proved.

A subsequent publication is planned which will contain an example of a
finitely generated group with the properties of the title.
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